We derive the classical κ-symmetric Type IIB string action on AdS 3 × S 3 by employing the SU(1, 1|2) 2 algebra. We then gauge fix κ-symmetry in the background adapted Killing spinor gauge and present the action in a very simple form.
Introduction
There has been great interest recently in string theory on AdS 5 × S 5 [1, 2, 3] due to its possible relation to N = 4, d = 4 Yang-Mills theory. Whereas the large g 2 N limit is conjectured to be dual to Type IIB supergravity on this manifold, for which there is by now mounting evidence, stringy effects are supposed to correspond to 1/g 2 N corrections [1] in the Yang-Mills theory. It is of great interest, therefore to construct string theory in this background. Although there has been significant progress in this direction [4, 5, 6, 7, 8] , the action (so far) has proven too difficult to quantize. In this note, we will try to analyze a simpler case, that of string theory on AdS 3 × S 3 .
One interesting aspect of this background is that the compactification of D = 6 supergravity on S 3 can be achieved in two fundamentally different ways: the charged three-form field strength can either be of NS or RR type. In [9] the NS field was charged and a significant understanding of a string propagating in this background was achieved. In this paper we focus on a string in the non-trivial RR background and construct the string action in the Green-Schwarz (GS) formulation [10] . The hope is that eventually this case can be better understood, maybe by relating it to results of [9] . Various other aspects of this background have been studied in [11, 12, 13, 14, 15] .
We shall follow the approach of [4] which requires a description of the background as a supercoset manifold. The AdS 3 × S 3 background is the near-horizon geometry of the D1 − D5 brane system and is a solution of chiral N = 2 (2, 0) supergravity in six dimensions [16] preserving all 16 supersymmetries. By essentially straightforward extension of the arguments given in [17] it can be shown that the solution does not get any α ′ corrections which is a necessity to formulate string theory in this background.
In [18] it was noted that the isometry group of D1 − D5 system is SU(1, 1|2) 2 , and hence the background can be viewed as the supercoset space
. The construction of the action following [4] is then straightforward except for the construction of the Wess-Zumino term, which requires some trial and error. This is done in section two, where we start with the algebra of SU(1, 1|2) 2 (which we derive very explicitly in 6D covariant form from the SU(1, 1|2) algebra in appendix A) and construct the Wess-Zumino term from first principles following [4] . We find, in fact a continuous family of WZ terms interpolating between the pure NS background and the RR background.
The resulting GS action is then given in terms of supervielbeins which we also solve for in section three. In section four we gauge fix κ-symmetry in the 'background adapted Killing spinor gauge' [19, 6, 7] which simplifies the action considerably.
Finally we present our conclusions and some open questions.
2 From the Algebra SU (1, 1|2) 2 to the String Ac-
The target space of string theory on AdS 3 × S 3 with 16 supersymmetry generators is the supercoset manifold
whose bosonic part is
. The generators of this supergroup are the momenta and Lorentz transformations on AdS 3 and
where a = 0, 1, 2 and a ′ = 3, 4, 5, plus 2 complex chiral 6D spinors
In the following we will freely use γ a short for γ a ⊗ 1 (and the same for primed indices). With these definitions it is clear that Q I defined as above is indeed chiral. The conjugate superchargeQ Iαα ′ is defined bȳ
Crucial for the construction of the action are the (antihermitean) supervielbeins
Being a σ-model with a supercoset as the target space, the action is only allowed to contain the supervielbeins. and will be of the general structure
The kinetic term is next to trivial to write down, the more subtle issue is to construct the Wess-Zumino term, needed for κ invariance, which is an integral over a closed 3-form. To find this form we need the superalgebra, derive from there the Maurer-Cartan equations and identify a unique closed three-form built from the supervielbeins.
It should be apparent by now that an important ingredient is the SU(1, 1|2)
where we defined
and where η = (− + +−). Note that the bosonic generators are taken to be antihermitean. The defining equations of the background can be obtained in the standard way by defining the group derivative
and requiring D 2 = 0. This leads to the Maurer-Cartan equations:
plus the non-relevant ones for dL ab and dL a ′ b ′ . The Wess-Zumino term can be constructed in terms of the vielbeins without actually solving these equations. In the background at hand this is only slightly more subtle than in the AdS 5 × S 5 background, since the L I do not obey any Majorana conditions. We find that the unique form satisfying the requirements is
where
In proving that dH 3 = 0 one has to apply the identities (A. 25) , and has to use
It remains to find the coefficient in front of the Wess-Zumino term. For this we consider the flat-space limit, where the vielbeins read in our notation (see 3.7 with M = 0 and s = 1):
and hence
By comparison with standard literature (see for example [20] ) one finds
Therefore, the 6D superstring action is given by
which is the main result of this section.
This WZ term, however, should not really be unique, since there exists also the string in the same geometry, but charged under the NS B-field, and there must be a different WZ term for it. The answer suggested by the work of [21] answer is that the general WZ term should be given by
where H + abc is one of the five components of the self-dual superfield [22] . This is to be understood from the point of view of compactifying the D = 10, N = 2 Type IIB theory on K3 (and truncating the matter fields). Of the five self-dual field strengths that arise [23] , three find their origin in the self-dual five-form field strength, one from the RR three-form (plus its dual) and one (H + abc ) from the NS three-form and its dual in D = 10.
The Supergeometry
It remains to actually solve the Maurer-Cartan equations and obtain the supervielbeins. The general method is standard and was outlined for example in [4] where for the AdS 5 × S 5 case the vielbeins were constructed up to quartic order. In [5] it was observed that the equations can in fact be integrated and the supergeometry can be found in closed form.
To do so we have to play the usual trick and introduce θ s = sθ to solve for a generalized vielbein L s from which one obtains eventually the standard vielbein as L = L s=1 . In the process we also find following [24] a convenient form of the Wess-Zumino as a two-dimensional worldsheet integral, integrated once more over the parameter s.
Let us denote the general structure of the algebra by
where the distinction between I andĪ serves only the purpose to keep track of Q and Q. With D being the standard covariant (bosonic) derivative
we find from
These equations can easily be integrated since
The solution to (3.4) is then given by
with
Here, we used the initial conditions
The real vielbeins are then obtained by setting s = 1.
Another virtue of above procedure is that one can obtain the Wess-Zumino term as a world-sheet integral of an expression which is itself integrated over s [24] . The important point is that
where H s is obtained from H by replacing all L by L s , and where
This can be verified with the differential equations (2.9) and (3.4). Hence
Simplification of the Action
We now turn to the very important aspect of simplifying the action. We will follow here the ideas of [6, 7] and fix κ-symmetry in the background adapted way. The procedure consists of two steps:
• Choosing the gauge 
where e
Iαα ′ Jββ ′ is a known space-time dependent matrix and ϑ =const, leads to
The Killing spinors on AdS 3 × S 3 in horospherical coordinates can, for example, be found in [25] , and it can be easily verified, as first noted in [19] , that using κ-symmetry to project on half of them precisely via (4.1) leads to the fact that θ + and Dθ + obey the same projection, i.e. Since this gauge is based on the isometry of the background, it is called the killing spinor gauge and was proposed in [19] as a procedure to gauge-fix κ-symmetry of extended objects in their own background. In [7] it was shown that it could also be used to simplify dramatically the GS string action on AdS 5 ×S 5 . Since the arguments given there for admissibility of the gauge are exactly the same needed here we refer the reader to that publication.
What we will show now is that with this gauge we have
which clearly simplifies (3.7) and therefore the action dramatically. The important fact to use is that terms of the form
vanish. This implies that
with i = 0, 1, i.e., in the sum over the bosonic generators B only the two momenta P i and the two Lorentz generators J i2 can contribute. Then, with a little algebra and using the explicit form of the structure constants we find that in fact the contributions from P i and J i2 arise with opposite sign and cancel. The same happens for the other term, i.e. Putting all this we see indeed that
1 Incidentally, the surviving θ + (x) spinor is nothing but the Killing spinor of the full D1-D5 geometry, in the near horizon region. This might have some so far not understood implications.
Now, recall that one explicit form of the AdS 3 × S 3 metric in the "2 + 4"-split is we find the simple supervielbeins the supergeometry reads
Finally, inserting this into (2.16) we obtain
Conclusions and Open Questions
We presented the action of the the string in an AdS 3 × S 3 background. We explicitly constructed the Wess-Zumino term as a closed three-form from first principles by employing the supercoset structure of the background geometry. It was then shown that the action can be simplified significantly to contain fermionic terms only up to quadratic order. Of course, it is still non-linear and a quantization procedure is not apparent off-hand.
Since the pure NS background can be solved explicitly in the RNS formalism [9] , at least in that case one should be able to quantize the GS action as well. The quantization procedure is not, however, obvious. An approach to the problem may be to construct the currents corresponding to the spacetime Virasoro algebra and comparing these to those obtained from the RNS formalism.
Furthermore, from knowing the NS background, several things about the RR background can be deduced, e.g. the spectrum of chiral primaries. It is of great interest to see if these can be computed directly from the string action.
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Appendix A
We start with the SU(1, 1|2) algebra in the form of [26] :
Here, we have i, j = 1, 2, α ′ , β ′ = 1, 2 are SO(3) spinor indices and m, n = 1, 2, 3. The AdS 3 × S 3 geometry is the supercoset manifold
with bosonic subgroup
. The strategy is to combine two copies of above algebra (variables X andX) and combine the spinors Q,Q, S,S into suitable SO(2, 2) × SO(4)-spinors and the bosonic operators as generators of this group. We will then convert the bosonic and fermionic generators to covariant 6D objects which results in (2.6).
We start with the bosonic SO(1, 2) subalgebra:
which can be rewritten with P + = 1 2
These generators should be combined with their counterpartsD,P andK satisfying the same algebra into one SO(2, 2) matrix M AB . One finds that with
M AB satisfies indeed the proper SO(2,2) algebra:
with the signature (-++-) for indices (0123).
We now turn to unifying the spinors Q,Q, S,S. It is useful to keep the index structure of the γ matrices and spinors in mind:
whereQ is the SO(2, 2) conjugate spinor of Q, i.e.Q ≡ Q † Γ 0 Γ 3 . With the following set of definitions (and the convention that we take SO(2, 2) spinors to be Majorana):
we find
which reveals that one part of the algebra is given by
To complete the algebra we turn to the SO(4) part, where spinors are taken to be symplectic-Majorana. Our conventions are
and we find .12) which implies that the N i ′ j ′ in (A.1) are given by
With these preliminaries the SO(2, 2) × SO(4) spinors are defined as
where the vector components denote the q Iα elements in the natural order. The pair I, α (I ′ , α ′ ) is an SO(2, 2)(SO(4)) index, whereas i is still the symplectic index.
Counting the degrees of freedom reveals that half of the 32 components of q ("real" by Majorana/symplectic-Majorana condition) have to be projected out. The underlying reason is that spinors transform under SO(2, 2)
, since the algebra is the product SU(1, 1|2) 2 . Clearly, the projector P has to ensure that I = I ′ which results in
With these conventions the algebra reads
plus the conventional SO(2, 2) and SO(4) pieces.
In order to achieve more closeness to 6D quantities it is useful to definê .17) which are the conjugate spinors since by the symplectic-Majorana condition we have 18) and to consider as fundamental supercharges q ≡ q i=1 andq ≡q i=1 . It is also convenient for later purposes to change the basis to
The components of q in this basis which survive the projection are 20) where the indices denote I, I ′ . Although this is a source for confusion, let us denote these generators by Q I , where I is not to be confused with the SO(2, 2) index. It is of crucial importance for symmetry considerations to know that
where σ 3 acts on the α index of Q † . With P a , P a ′ , J ab , J a ′ b ′ as defined in (2.7) we can write down the algebra
In verifying the Jacobi identities, heavy use was made of the following identities: 
